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GLOBAL SMALL SOLUTIONS TO A TROPICAL CLIMATE MODEL
WITHOUT THERMAL DIFFUSION
RENHUI WAN∗
Abstract. We obtain the global well-posedness of classical solutions to a tropical
climate model derived by Feireisl-Majda-Pauluis in [7] with only the dissipation of
the first baroclinic model of the velocity (−η∆v) under small initial data. The main
difficulty is the absence of thermal diffusion. To overcome it, we exploit the structure
of the equations coming from the coupled terms, dissipation term and damp term.
Then we find the hidden thermal diffusion. In addition, based on the Littlewood-Palay
theory, we establish a generalized commutator estimate, which may be applied to other
partial differential equations.
1. Introduction
The purpose of this article is to study the cauchy problem for a tropical model without
thermal diffusion: 
∂tu+ u · ∇u+ αu+∇p = −div(v ⊗ v),
∂tv + u · ∇v + v · ∇u+ αv − η∆v = ∇θ,
∂tθ + u · ∇θ = divv,
divu = 0,
(u(0, x), v(0, x), θ(0, x)) = (u0(x), v0(x), θ0(x)),
(1.1)
here (t, x) ∈ R+ × R2, u = (u1, u2), v = (v1, v2) stand for the barotropic mode and
the first baroclinic mode of the vector velocity, respectively, p, θ represent the scalar
pressure, scalar temperature, respectively, α and η are the nonnegative parameters.
By performing a Galerkin truncation to the hydrostatic Boussinesq equations, Feireisl-
Majda-Pauluis in [7] derived a version of (1.1) without any Laplacian terms, of which
the first baroclinic mode had been originally used in some studies of tropical atmosphere
in [8] and [17]. For more details on the first baroclinic mode, we refer to the section 1
and section 2 in [7] and references therein.
Recently, for the version of (1.1) with −∆u, α = 0 and η = 1, Li-Titi in [15] obtained
the global well-posedness without any small assumptions of initial data. The difficulty
of their work is that energy method can not be applied to get the gradient estimate
of (u, v, θ) directly due to the absence of thermal diffusion. However, by introducing a
unknown w,
w :
def
= v −∇(−∆)−1θ,
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they overcome this difficulty and improved the regularity of u, and then obtained the
gradient estimate of (u, v, θ). It is clear that the Laplacian term, −∆u, plays a key role,
while the method does not appear to be able to extend to the case without −∆u even
if the initial data is small.
However, for (1.1) with small data, we can get the global well-posedness which is the
main result of this paper. The details can be given as follows:
Theorem 1.1. Let α > 0 and η > 0. Consider (1.1) with initial data (u0, v0, θ0) ∈
Hs(R2), s > 2, and divu0 = 0. There exists a small constant ǫ = ǫ(α, η) > 0 such that if
‖u0‖Hs(R2) + ‖v0‖Hs(R2) + ‖θ0‖Hs(R2) < ǫ, (1.2)
then (1.1) admits a unique global solution (u, v, θ) satisfying
(u, v, θ) ∈ C([0,∞);Hs(R2)), ∇v ∈ L2([0,∞);Hs(R2)).
Remark 1.2. (i) If we neglect the coupled terms ∇θ and divv, the key part of (1.1) is
the first two equations, which are very similar to the 2D MHD equations. To the best of
our knowledge for that without velocity dissipation and small data, the global regularity
result is empty ( see, e.g., [2],[3],[5] and references therein), from which, it seems very
difficult to drop the condition (1.2).
(ii) Motivated by the recent works on the local well-posedness for the non-resistive
MHD equations (i.e., only with −∆u) with low regular initial data (see, e.g., [4],[6] and
[19]), we expect that similar result holds for the version of (1.1) with −∆u, α = 0 and
η = 0.
Now, let us explain the difficulty and our idea. By the standard energy method, we
can show that
1
2
d
dt
‖(u, v, θ)‖2Hs(R2) + α‖(u, v)‖
2
Hs(R2) +
η
2
‖∇v‖2Hs(R2)
≤ C(η)
{
‖(∇u,∇v,∇θ)‖L∞(R2) + ‖v‖
2
L∞(R2)
}
‖(u, v, θ)‖2
H˙s(R2)
,
(1.3)
from which, we can see that (1.3) does not be closed under small initial data unless some
norm of θ such as ‖θ‖Hs(R2) occurs on the left hand side of (1.3).
Our proof is exploiting the structure of (1.1). To make our idea clear, we give the
details for the key part of linearized (1.1):{
∂tv + αv − η∆v −∇θ = 0,
∂tθ − divv = 0.
(1.4)
Applying the operator Λ−1div and ηΛ to the first and second equation of (1.4), respec-
tively, then adding the resulting equations, denote
R :
def
= Λ−1div, Ω :
def
= Rv + ηΛθ,
it is easy to deduce
∂tΩ+
1
η
Ω = (
1
η
− α)Rv. (1.5)
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Multiplying the first equation of (1.4) by a large enough constantM , adding the resulting
equation to (1.5) and combining with the L2 bound of Riesz transform, we can find the
hidden thermal diffusion and then overcome this difficulty.
Let us complete this section by describing the notations we shall use in this paper.
Notations For A, B two operator, we denote [A,B] = AB − BA, the commutator
between A and B. The uniform constant C, which may be different on different lines,
is independent of the parameters such as α and η in (1.1), while the constant C(·)
means a constant depends on the element(s) in bracket. In some places of this paper,
we may use Lp, H˙s (Hs) and B˙sp,r (B
s
p,r) to stand for L
p(Rd), H˙s(Rd) (Hs(Rd)) and
B˙sp,r(R
d) (Bsp,r(R
d)), respectively. We shall denote by (a|b) the L2 inner product of a
and b, and (a|b)H˙s stands for the standard H˙
s inner product of a and b, more precisely,
(a|b)H˙s = (Λ
sa|Λsb).
2. Preliminaries
In this section, we give some necessary definitions and propositions.
The fractional Laplacian operator Λα = (−∆)
α
2 (α ≥ 0) is defined through the Fourier
transform, namely,
Λ̂αf(ξ) = |ξ|αf̂(ξ),
where the Fourier transform is given by
f̂(ξ) =
∫
Rd
e−ix·ξf(x)dx.
Let B = {ξ ∈ Rd, |ξ| ≤ 4
3
} and C = {ξ ∈ Rd, 3
4
≤ |ξ| ≤ 8
3
}. Choose two nonnegative
smooth radial function χ, ϕ supported, respectively, in B and C such that
χ(ξ) +
∑
j≥0
ϕ(2−jξ) = 1, ξ ∈ Rd,
∑
j∈Z
ϕ(2−jξ) = 1, ξ ∈ Rd \ {0}.
We denote ϕj = ϕ(2
−jξ), h = F−1ϕ and h˜ = F−1χ, where F−1 stands for the inverse
Fourier transform. Then the dyadic blocks ∆j and Sj can be defined as follows
∆jf = ϕ(2
−jD)f = 2jd
∫
Rd
h(2jy)f(x− y)dy,
Sjf =
∑
k≤j−1
∆kf = χ(2
−jD)f = 2jd
∫
Rd
h˜(2jy)f(x− y)dy.
Formally, ∆j = Sj − Sj−1 is a frequency projection to annulus {ξ : C12
j ≤ |ξ| ≤ C22
j},
and Sj is a frequency projection to the ball {ξ : |ξ| ≤ C2
j}. One easily verifies that
with our choice of ϕ
∆j∆kf = 0 if |j − k| ≥ 2 and ∆j(Sk−1f∆kf) = 0 if |j − k| ≥ 5.
Let us recall the definition of the Besov space.
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Definition 2.1. Let s ∈ R, (p, q) ∈ [1,∞]2, the homogeneous Besov space B˙sp,q(R
d) is
defined by
B˙sp,q(R
d) = {f ∈ S′(Rd); ‖f‖B˙sp,q(Rd) <∞},
where
‖f‖B˙sp,q(Rd) =

(
∑
j∈Z
2sqj‖∆jf‖
q
Lp(Rd)
)
1
q , for 1 ≤ q <∞,
sup
j∈Z
2sj‖∆jf‖Lp(Rd), for q =∞,
and S′(Rd) denotes the dual space of S(Rd) = {f ∈ S(Rd); ∂αfˆ(0) = 0; ∀ α ∈ Nd
multi-index} and can be identified by the quotient space of S ′/P with the polynomials
space P.
Definition 2.2. Let s > 0, and (p, q) ∈ [1,∞]2, the inhomogeneous Besov space Bsp,q(R
d)
is defined by
Bsp,q(R
d) = {f ∈ S ′(Rd); ‖f‖Bsp,q(Rd) <∞},
where
‖f‖Bsp,q(Rd) = ‖f‖Lp(Rd) + ‖f‖B˙sp,q(Rd).
For the special case p = q = 2, we have
‖f‖H˙s(Rd) ≈ ‖f‖B˙s
2,2(R
d),
where a ≈ b means C−1b ≤ a ≤ Cb for some positive constant C, and the H˙s(Rd) and
Hs(Rd) (s > 0) norm of f can be also defined as follows:
‖f‖H˙s(Rd) :
def
= ‖Λsf‖L2(Rd)
and
‖f‖Hs(Rd) :
def
= ‖f‖L2(Rd) + ‖Λ
sf‖L2(Rd).
Lemma 2.3. (i)[13] Let s > 0, 1 ≤ p, r ≤ ∞, then
‖fg‖B˙sp,r(Rd) ≤ C
{
‖f‖Lp1(Rd)‖g‖B˙sp2,r(R
d) + ‖g‖Lr1(Rd)‖g‖B˙sr2,r(R
d)
}
, (2.1)
where 1 ≤ p1, r1 ≤ ∞ such that
1
p
= 1
p1
+ 1
p2
= 1
r1
+ 1
r2
.
(ii)[14] Let s > 0, and 1 < p <∞, then
‖[Λs, f ]g‖Lp(Rd) ≤ C
{
‖∇f‖Lp1(Rd)‖Λ
s−1g‖Lp2(Rd) + ‖Λ
sf‖Lp3(Rd)‖g‖Lp4(Rd)
}
(2.2)
where 1 < p2, p3 <∞ such that
1
p
= 1
p1
+ 1
p2
= 1
p3
+ 1
p4
.
The following proposition and lemma provide Bernstein type inequalities for fractional
derivatives and standard commutator estimate.
Proposition 2.4. Let γ ≥ 0. Let 1 ≤ p ≤ q ≤ ∞.
1) If f satisfies
supp f̂ ⊂ {ξ ∈ Rd : |ξ| ≤ K2j},
for some integer j and a constant K > 0, then
‖(−∆)γf‖Lq(Rd) ≤ C1(γ, p, q) 2
2γj+jd( 1
p
− 1
q
)‖f‖Lp(Rd).
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2) If f satisfies
supp f̂ ⊂ {ξ ∈ Rd : K12
j ≤ |ξ| ≤ K22
j}
for some integer j and constants 0 < K1 ≤ K2, then
C1(γ, p, q) 2
2γj‖f‖Lq(Rd) ≤ ‖(−∆)
γf‖Lq(Rd) ≤ C2(γ, p, q) 2
2γj+jd( 1
p
− 1
q
)‖f‖Lp(Rd).
Lemma 2.5. [1] Let θ be a C1 function on Rd such that (1 + | · |)θ̂ ∈ L1(Rd). There
exists a constant C such that for any Lipschitz function a with gradient in Lp(Rd) and
any function b in Lq(Rd), we have for any positive λ,
‖[θ(λ−1D), a]b‖Lr(Rd) ≤ Cλ
−1‖∇a‖Lp(Rd)‖b‖Lq(Rd), with
1
p
+
1
q
=
1
r
. (2.3)
For more details about Besov space and Sobolev space such as some useful embedding
inequalities, we refer to [1], [9] and [18].
The rest of this section is devoted to the proof of a generalized commutator estimate
in Besov space. Firstly, we need a lemma.
Lemma 2.6. Let 1 ≤ p, p1, p2 ≤ ∞ satisfying 1 +
1
p
= 1
p1
+ 1
p2
. If xh ∈ Lp1(Rd),
∇f ∈ L∞(Rd) and g ∈ Lp2(Rd), then
‖h ⋆ (fg)− f(h ⋆ g)‖Lp(Rd) ≤ C‖xh‖Lp1(Rd)‖∇f‖L∞(Rd)‖g‖Lp2(Rd), (2.4)
where C is a constant independent of f, g, h.
Proof of Lemma 2.6. (2.4) can be proved by using the idea of Lemma 2.1 in [20], so we
omit the details. 
Proposition 2.7. Let s ≥ 0, σ > −1 and 1 ≤ p, r ≤ ∞, then
‖[Λs, f · ∇]g‖B˙σp,r(Rd) ≤ C
{
‖∇f‖L∞(Rd)‖g‖B˙σ+sp,r (Rd) + ‖∇g‖L∞(Rd)‖f‖B˙σ+sp,r (Rd)
}
, (2.5)
where divf = 0 and the constant C is independent of f and g.
For the proof, we shall use homogeneous Bony’s decomposition:
uv =
∑
j∈Z
Sj−1u∆jv +
∑
j∈Z
∆juSj−1v +
∑
j∈Z
∆ju∆˜jv,
where ∆˜j = ∆j−1 + ∆j + ∆j+1, which is applied to split the commutator Θ = [∆j , u]v
as follows:
Θ =
∑
|k−j|≤4
[∆j , Sk−1u]∆kv +
∑
|k−j|≤4
∆j(∆ku Sk−1v)
+
∑
k≥j−2
∆ku ∆jSk+2v +
∑
k≥j−3
∆j(∆ku ∆˜kv).
If we replace Λs by Riesz operator Λ−1∂1 or the operator Λ
−α∂1 (0 < α < 1) in (2.5),
[10]-[12] established some similar estimates, which play the essential role in the proof of
the global well-posedness for 2D Boussinesq equations.
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Proof of Proposition 2.7. It suffices to prove the case 1 ≤ r <∞, the case r =∞ can be
bounded similarly. In this proof, (cj)j∈Z is a generic element of l
r(Z) so that
∑
j∈Z c
r
j ≤ 1.
1 stands for the characteristic function. We split the left hand side of (2.5) into two
terms.
‖[Λs,f · ∇]g‖B˙σp,r ≤ C
(∑
j∈Z
2jσr‖∆j(f · ∇Λ
sg)− f · ∇∆jΛ
sg‖rLp
) 1
r
+ C
(∑
j∈Z
2jσr‖∆jΛ
s(f · ∇g)− f · ∇∆jΛ
sg‖rLp
) 1
r
≤C
(∑
j∈Z
2jσr‖[∆j , f · ∇]Λ
sg‖rLp
) 1
r
+ C
(∑
j∈Z
2jσr‖[∆jΛ
s, f · ∇]Λsg‖rLp
) 1
r
=K1 +K2.
(2.6)
The Estimate of K1. Using the homogeneous Bony’s decomposition,
‖[∆j, f · ∇]Λ
sg‖Lp ≤
∑
|k−j|≤4
‖[∆j , Sk−1f · ∇]∆kΛ
sg‖Lp +
∑
|k−j|≤4
‖∆j(∆kf · ∇Sk−1Λ
sg)‖Lp
+
∑
k≥j−2
‖∆kf · ∇∆jSk+2Λ
sg‖Lp +
∑
k≥j−3
‖∆j(∆kf · ∇∆˜kΛ
sg)‖Lp
=K11 +K12 +K13 +K14.
Thanks to (2.3) and Bernstein’s inequality,
K11 ≤C
∑
|k−j|≤4
‖∇Sk−1f‖L∞‖∆kΛ
sg‖Lp
≤C2−jσ‖∇f‖L∞
∑
|k−j|≤4
2(j−k)σ2kσ‖∆kΛ
sg‖Lp
≤C2−jσ‖∇f‖L∞‖Λ
sg‖B˙σp,r
∑
|k−j|≤4
2(j−k)σck
≤Ccj2
−jσ‖∇f‖L∞‖g‖B˙σ+sp,r .
By Ho¨lder’s inequality and Bernstein’s inequality, we get for s ≥ 0,
K12 ≤C
∑
|k−j|≤4
2ks‖∇Sk−1g‖L∞‖∆kf‖Lp
≤C‖∇g‖L∞
∑
|k−j|≤4
2ks‖∆kf‖Lp
≤C2−jσ‖∇g‖L∞
∑
|k−j|≤4
2(j−k)σ2k(σ+s)‖∆kf‖Lp
≤C2−jσ‖∇g‖L∞‖f‖B˙σ+sp,r
∑
|k−j|≤4
2(j−k)σck
=Ccj2
−jσ‖∇g‖L∞‖f‖B˙σ+sp,r .
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For the term K13,
K13 ≤C2
j(1+s)‖∆jg‖Lp
∑
k≥j−2
‖∆kf‖L∞
≤C2j(1+s)‖∆jg‖Lp
∑
k≥j−2
2−k‖∇∆kf‖L∞
≤C2js‖∆jg‖Lp‖∇f‖L∞
=Ccj2
−jσ‖∇f‖L∞‖g‖B˙s+σp,r .
Using divf = 0, Bernstein’s inequality and Ho¨lder’s inequality,
K14 ≤2
j
∑
k≥j−3
‖∆kf‖L∞‖Λ
s∆˜kg‖Lp
≤C2−jσ
∑
k≥j−3
2j(σ+1)−k‖∇∆kf‖L∞‖Λ
s∆˜kg‖Lp
≤C2−jσ‖∇f‖L∞
∑
k≥j−3
2(j−k)(σ+1)2kσ‖Λs∆˜kg‖Lp
≤C2−jσ‖∇f‖L∞‖g‖B˙σ+sp,r
∑
k≥j−3
2(j−k)(σ+1)ck
=Ccj2
−jσ‖∇f‖L∞‖g‖B˙σ+sp,r ,
where we have used Young’s inequality for series for the last equality, namely, ∀σ > −1,∑
k∈Z
∑
k≥j−3
2(j−k)(σ+1)ck ≤ ‖2
−(σ+1)k1k≥−3‖l1(Z)‖ck‖l1(Z) ≤ C.
Thus,
K1 ≤
∑
1≤i≤4
(
∑
j∈Z
2jσrKr1i)
1
r ≤ C
{
‖∇f‖L∞‖g‖B˙σ+sp,r + ‖∇g‖L∞‖f‖B˙σ+sp,r
}
.
The Estimate of K2. Using the homogeneous Bony’s decomposition again,
‖[∆jΛ
s, f · ∇]g‖Lp ≤
∑
|k−j|≤4
‖[∆jΛ
s, Sk−1f · ∇]∆kg‖Lp +
∑
|k−j|≤4
‖∆jΛ
s(∆kf · ∇Sk−1g)‖Lp
+
∑
k≥j−2
‖∆kf · ∇∆jSk+2Λ
sg‖Lp +
∑
k≥j−3
‖∆jΛ
s(∆kf · ∇∆˜k)g‖Lp
=K21 +K22 +K23 +K24.
Since
∆̂jΛsf(ξ) = ϕ(2
−jξ)|ξ|sf̂(ξ) = 2jsϕ(2−jξ)|2−jξ|sf̂(ξ),
we can represent ∆jΛ
sf as a convolution, namely,
∆jΛ
sf(x) = {2j(d+s)ζ(2j·) ⋆ f}(x), for some ζ ∈ S(Rd).
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(2.3) can not be used to bound K21, but thanks to (2.4), and using Bernstein’s inequality,
K21 ≤C‖x2
j(d+s)ζ(2jx)‖L1
∑
|k−j|≤4
‖∇Sk−1f‖L∞‖∇∆kg‖Lp
≤C2j(s−1)‖∇f‖L∞
∑
|k−j|≤4
‖∇∆kg‖Lp
≤C2−jσ‖∇f‖L∞
∑
|k−j|≤4
2(j−k)(s+σ−1)2k(s+σ−1)‖∇∆kg‖Lp
=C2−jσ‖∇f‖L∞‖g‖B˙σ+sp,r
∑
|k−j|≤4
2(j−k)(s+σ−1)ck
=Ccj2
−jσ‖∇f‖L∞‖g‖B˙σ+sp,r .
For the terms K22 and K23, with a similar procedure as the estimate of K12 and K13,
respectively, we have
K22 ≤C2
js
∑
|k−j|≤4
‖∇Sk−1g‖L∞‖∆kf‖Lp
≤C2js‖∇g‖L∞
∑
|k−j|≤4
‖∆kf‖Lp
≤C2−jσ‖∇g‖L∞
∑
|k−j|≤4
2(j−k)(s+σ)2k(s+σ)‖∆kf‖Lp
≤C2−jσ‖∇g‖L∞‖f‖B˙σ+sp,r
∑
|k−j|≤4
2(j−k)(s+σ)ck
=Ccj2
−jσ‖∇g‖L∞‖f‖B˙σ+sp,r ,
and
K23 ≤C2
j(1+s)‖∆jg‖Lp
∑
k≥j−2
‖∆kf‖L∞
≤C2j(1+s)‖∆jg‖Lp
∑
k≥j−2
2−k‖∇∆kf‖L∞
≤C2js‖∆jg‖Lp‖∇f‖L∞
≤C2−jσ2j(s+σ)‖∆jg‖Lp‖∇f‖L∞
=Ccj2
−jσ‖∇f‖L∞‖g‖B˙σ+sp,r .
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Using divf = 0, Bernstein’s inequality, Ho¨lder’s inequality and Young’s inequality for
series,
K24 ≤C2
j(s+1)
∑
k≥j−3
‖∆kf‖L∞‖∆˜kg‖Lp
≤C2j(s+1)
∑
k≥j−3
2−k‖∇∆kf‖L∞‖∆˜kg‖Lp
≤C2j(s+1)‖∇f‖L∞
∑
k≥j−3
2−k‖∆˜kg‖Lp
≤C2−jσ‖∇f‖L∞
∑
k≥j−3
2(j−k)(s+1+σ)2k(s+σ)‖∆˜kg‖Lp
=C2−jσ‖∇f‖L∞‖g‖B˙σ+sp,r
∑
k≥j−3
2(j−k)(s+1+σ)ck (s + σ > −1)
=Ccj2
−jσ‖∇f‖L∞‖g‖B˙σ+sp,r .
It is easy to deduce that
K2 ≤
∑
1≤i≤4
(
∑
j∈Z
2jσrKr2i)
1
r ≤ C
{
‖∇f‖L∞‖g‖B˙σ+sp,r + ‖∇g‖L∞‖f‖B˙σ+sp,r
}
.
Combining with the estimates of K1 and K2 leads the desired estimate (2.5). 
3. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1 by splitting the details into two steps. In
step 1, we show the local well-posedness for (1.1) in brief. More precisely, we only give
local a priori bound since other details can be proved by standard method, see Chapter
3 [16]. In step 2, we find the hidden thermal diffusion by exploiting the structure as we
described in section 1 and then obtain the global bound with small data by using the
commutator estimate (2.5) in section 2.
Now, we begin the proof.
Step 1. Local a priori bound. Thanks to the cancelation property,
(∇θ|v) + (divv|θ) = 0,
it is easy to get the L2 bound of (u, v, θ):
1
2
d
dt
‖(u, v, θ)‖2L2 + α‖(u, v)‖
2
L2 + η‖∇v‖
2
L2 = 0. (3.1)
By the standard energy estimate, and noting
(∇θ|v)H˙s + (divv|θ)H˙s = 0,
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with (3.1), we deduce that
1
2
d
dt
‖(u, v, θ)‖2Hs + α‖(u, v)‖
2
Hs + η‖∇v‖
2
Hs
=− (u · ∇u|u)H˙s − (div(v ⊗ v)|u)H˙s − (u · ∇v|v)H˙s
− (v · ∇u|v)− (u · ∇θ|θ)H˙s
:
def
=
5∑
i=1
Ii.
(3.2)
By integrating by parts, we get
(u · ∇Λsu|Λsu) = (u · ∇Λsv|Λsv) = (u · ∇Λsθ|Λsθ) = 0
and
(v · ∇Λsu|Λsv) + (v · ∇Λsv|Λsu) = −(divv|Λsu · Λsv),
from which, with the equality div(v ⊗ v) = v divv + v · ∇v, we obtain
I1 =([Λ
s, u · ∇]u|Λsu), I3 = ([Λ
s, u · ∇]v|Λsv), I5 = ([Λ
s, u · ∇]θ|Λsθ),
I2 + I4 =(divv|v · u)H˙s + (v · ∇v|u)H˙s + (v · ∇u|v)H˙s
=(v divv|u)H˙s + ([Λ
s, v · ∇]v|Λsu) + ([Λs, v · ∇]u|Λsu)− (divv|Λsu · Λsv).
Using Ho¨lder’s inequality, (2.1), (2.2) and Young’s inequality follows that
I1 ≤C‖∇u‖L∞‖Λ
su‖2L2,
I2 + I4 ≤C(‖divv‖L∞‖v‖H˙s + ‖v‖L∞‖divv‖H˙s)‖u‖H˙s
+ C(‖∇u‖L∞ + ‖∇v‖L∞)(‖u‖
2
H˙s
+ ‖v‖2
H˙s
)
+ C‖divv‖L∞‖u‖H˙s‖v‖H˙s
≤C(‖∇u‖L∞ + ‖∇v‖L∞)(‖u‖
2
H˙s
+ ‖v‖2
H˙s
)
+ Cη‖v‖2L∞‖u‖
2
H˙s
+
η
2
‖∇v‖2
H˙s
,
I3 ≤C(‖∇u‖L∞ + ‖∇v‖L∞)(‖u‖
2
H˙s
+ ‖v‖2
H˙s
),
I5 ≤C(‖∇u‖L∞ + ‖∇θ‖L∞)(‖u‖
2
H˙s
+ ‖θ‖2
H˙s
).
Combining with the above estimates in (3.2), thanks to
‖f‖H˙s ≤ C‖∇f‖Hs−1, ‖∇f‖L∞ ≤ C‖∇f‖Hs−1, s > 2,
we have
1
2
d
dt
‖(u, v, θ)‖2Hs + α‖(u, v)‖
2
Hs +
η
2
‖∇v‖2Hs
≤ C(‖∇u‖2Hs−1 + ‖∇v‖
2
Hs−1 + ‖∇θ‖
2
Hs−1)
3
2 + Cη‖v‖2Hs‖u‖
2
Hs
≤ C(η)
(
‖(u, v, θ)‖3Hs + ‖(u, v)‖
4
Hs
)
,
(3.3)
which implies that there exists a T0 = T0(η, ‖(u0, v0, θ0)‖Hs) > 0 such that ∀ t ∈ (0, T0],
‖u(t)‖2Hs + ‖v(t)‖
2
Hs + ‖θ(t)‖
2
Hs ≤ C(η, T0, ‖(u0, v0, θ0)‖Hs)
and then
α
∫ t
0
‖(u, v)(τ)‖2Hsdτ +
η
2
∫ t
0
‖∇v(τ)‖2Hsdτ ≤ C(η, T0, ‖(u0, v0, θ0)‖Hs).
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So we can get the local a priori bound and then obtain the local well-posedness of (1.1)
by standard method.
Step 2. Global well-posedness. Thanks to step 1, it suffices to give the global a
priori bound. Denote
R :
def
= Λ−1div, Ω :
def
= Rv + ηΛθ,
and we will use the L2 bound of Riesz transform R in some places of this step.
Applying the operator R and Λ to the second equation and third equation of (1.1),
respectively, we get
∂tRv + u · ∇Rv + αRv + ηΛdivv + Λθ = −[R, u · ∇]v −R(v · ∇u) (3.4)
∂tΛθ + u · ∇Λθ − Λdivv = −[Λ, u · ∇]θ. (3.5)
Multiplying (3.5) by η and adding the resulting equation to (3.4) lead
∂tΩ+ u · ∇Ω+
1
η
Ω = (
1
η
− α)Rv − [R, u · ∇]v −R(v · ∇u)− η[Λ, u · ∇]θ. (3.6)
Multiplying (3.6) by Ω, integrating in R2 and using
(u · ∇Ω|Ω) = 0
follows
1
2
d
dt
‖Ω‖2L2 +
1
η
‖Ω‖2L2 = (
1
η
− α)(Rv|Ω)
− ([R, u · ∇]v|Ω)− (R(v · ∇u)|Ω)− η([Λ, u · ∇]θ|Ω)
:
def
= J1 + J2 + J3 + J4.
(3.7)
By Ho¨lder’s inequality and Young’s inequality,
|J1| ≤|
1
η
− α|‖v‖L2‖Ω‖L2 ≤ Cη|
1
η
− α|2‖v‖2L2 +
1
8η
‖Ω‖2L2,
|J2| ≤‖[R, u · ∇]v‖L2‖Ω‖L2 ≤ C‖u‖L∞‖∇v‖L2‖Ω‖L2
≤Cη‖u‖2L∞‖∇v‖
2
L2 +
1
8η
‖Ω‖2L2 ,
|J3| ≤C‖R(v · ∇u)‖L2‖Ω‖L2 ≤ Cη‖v‖
2
L∞‖∇u‖
2
L2 +
1
8η
‖Ω‖2L2 .
By (2.2), using ηΛθ = Ω−Rv and Young’s inequality,
|J4| ≤Cη(‖∇u‖L∞‖Λθ‖L2 + ‖∇θ‖L∞‖Λu‖L2)‖Ω‖L2
≤C‖∇u‖L∞(‖Ω‖L2 + ‖Rv‖L2)‖Ω‖L2 + Cη‖∇θ‖L∞‖Λu‖L2‖Ω‖L2
≤Cη‖∇u‖2L∞(‖v‖
2
L2 + ‖Ω‖
2
L2) + Cη
3‖∇θ‖2L∞‖Λu‖
2
L2 +
1
8η
‖Ω‖2L2 .
12 RENHUI WAN
Inserting the above estimates into (3.7) and absorbing the four 1
8η
‖Ω‖2L2 by the left hand
side of the resulting inequality, we have
1
2
d
dt
‖Ω‖2L2 +
1
2η
‖Ω‖2L2 ≤ Cη|
1
η
− α|2‖v‖2L2
+ C(η + η3)(‖(u,∇u, v)‖2L∞ + ‖∇θ‖
2
L∞)(‖(u, v)‖
2
H1 + ‖Ω‖
2
L2)
≤ Cη|
1
η
− α|2‖v‖2L2 + C(η + η
3)‖(u, v, θ)‖2Hs(‖(u, v)‖
2
H1 + ‖Ω‖
2
L2).
(3.8)
Next, we give the H˙s−1 bound of Ω. Applying Λs−1 to the both sides of (3.6), and taking
the inner product with Λs−1Ω, while thanks to
(u · ∇Λs−1Ω|Λs−1Ω) = 0,
we have
1
2
d
dt
‖Ω‖2
H˙s−1
+
1
η
‖Ω‖2
H˙s−1
= (
1
η
− α)(Rv|Ω)H˙s−1 − ([Λ
s−1, u · ∇]Ω|Λs−1Ω)
− ([R, u · ∇]v|Ω)H˙s−1 − (R(v · ∇u)|Ω)H˙s−1 − η([Λ, u · ∇]θ|Ω)H˙s−1
:
def
=L1 + L2 + L3 + L4 + L5.
(3.9)
By Ho¨lder’s inequality and Young’s inequality,
|L1| ≤ C|
1
η
− α|‖Λs−1v‖L2‖Ω‖H˙s−1 ≤ Cη|
1
η
− α|2‖v‖2
H˙s−1
+
1
8η
‖Ω‖2
H˙s−1
.
By Ho¨lder’s inequality, (2.2), Young’s inequality and using ηΛθ = Ω−Rv ,
|L2| ≤‖[Λ
s−1, u · ∇]θ‖L2‖Λ
s−1Ω‖L2
≤C(‖∇u‖L∞‖Λ
s−1θ‖L2 + ‖∇θ‖L∞‖Λ
s−1u‖L2)‖Λ
s−1Ω‖L2
≤Cη(‖∇u‖2L∞‖Λ
s−1θ‖2L2 + ‖∇θ‖
2
L∞‖Λ
s−1u‖2L2) +
1
8η
‖Ω‖2
H˙s−1
≤Cη(‖∇u‖2L∞‖Λθ‖
2
H˙s−2
+ ‖∇θ‖2L∞‖Λ
s−1u‖2L2) +
1
8η
‖Ω‖2
H˙s−1
≤
C
η
‖∇u‖2L∞(‖Ω‖
2
H˙s−2
+ ‖v‖2
H˙s−2
) + Cη‖∇θ‖2L∞‖Λ
s−1u‖2L2 +
1
8η
‖Ω‖2
H˙s−1
.
By Ho¨lder’s inequality, (2.1) and Young’s inequality, ∀ ι ∈ (0, s− 2),
|L3| ≤‖R(u · ∇v)− u · ∇Rv‖H˙s−1‖Ω‖H˙s−1
≤C {‖u‖L∞‖v‖H˙s + (‖∇v‖L∞ + ‖∇Rv‖L∞)‖u‖H˙s−1} ‖Ω‖H˙s−1
≤C(‖u‖L∞‖v‖H˙s + ‖∇v‖H1+ι‖u‖H˙s−1)‖Ω‖H˙s−1 (ι ∈ (0, s− 2))
≤Cη(‖u‖2L∞‖v‖
2
H˙s
+ ‖∇v‖2H1+ι‖u‖
2
H˙s−1
) +
1
8η
‖Ω‖2
H˙s−1
.
Similarly,
|L4| ≤C‖v · ∇u‖H˙s−1‖Ω‖H˙s−1
≤C(‖v‖L∞‖∇u‖H˙s−1 + ‖∇u‖L∞‖v‖H˙s−1)‖Ω‖H˙s−1
≤Cη(‖v‖2L∞‖u‖
2
H˙s
+ ‖∇u‖L∞‖v‖
2
H˙s−1
) +
1
8η
‖Ω‖2
H˙s−1
.
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By Ho¨lder’s inequality and thanks to the commutator estimates (2.5) with d = 2, s = 1,
σ = s− 1, p = r = 2,
|L5| ≤η(‖∇θ‖L∞‖u‖H˙s + ‖∇u‖L∞‖θ‖H˙s)‖Ω‖H˙s
≤Cη3(‖∇θ‖2L∞‖u‖
2
H˙s
+ ‖∇u‖2L∞‖θ‖
2
H˙s
) +
1
8η
‖Ω‖2
H˙s
≤Cη3
{
‖∇θ‖2L∞‖u‖
2
H˙s
+
1
η2
‖∇u‖2L∞(‖Ω‖
2
H˙s−1
+ ‖v‖2
H˙s−1
)
}
+
1
8η
‖Ω‖2
H˙s
≤Cη3‖∇θ‖2L∞‖u‖
2
H˙s
+ Cη‖∇u‖2L∞(‖Ω‖
2
H˙s−1
+ ‖v‖2
H˙s−1
) +
1
8η
‖Ω‖2
H˙s
.
Combining the estimates of Ll (l = 1, 2, 3, 4, 5) in (3.9), it is easy to deduce that
1
2
d
dt
‖Ω‖2
H˙s−1
+
1
2η
‖Ω‖2
H˙s−1
≤ Cη|
1
η
− α|2‖v‖2
H˙s−1
+ C(
1
η
+ η + η3)
×
(
‖(u, v,∇u,∇v)‖2L∞ + ‖∇θ‖
2
L∞ + ‖∇v‖
2
H1+ι
) (
‖(u, v)‖2Hs + ‖Ω‖
2
H˙s−1
)
,
and thanks to (3.8), we obtain
1
2
d
dt
‖Ω‖2Hs−1 +
1
2η
‖Ω‖2Hs−1 ≤ Cη|
1
η
− α|2‖v‖2Hs−1 + C(
1
η
+ η + η3)
×‖(u, v, θ)‖2Hs
(
‖(u, v)‖2Hs + ‖Ω‖
2
Hs−1
)
.
(3.10)
Using ηΛθ = Ω−Rv again, we can rewrite (3.3) as follows:
1
2
d
dt
‖(u, v, θ)‖2Hs + α‖(u, v)‖
2
Hs +
η
2
‖∇v‖2Hs ≤ C‖(∇u,∇v,∇θ)‖Hs−1
×
(
‖∇u‖2Hs−1 + ‖∇v‖
2
Hs−1 + ‖Λθ‖
2
Hs−1
)
+ Cη‖v‖2Hs‖u‖
2
Hs
≤ C(1 +
1
η2
)‖(u, v, θ)‖Hs‖(∇u,∇v, v,Ω)‖
2
Hs−1 + Cη‖v‖
2
Hs‖u‖
2
Hs.
(3.11)
Multiplying (3.11) by
M :
def
=
2Cη| 1
η
− α|2
α
,
adding the resulting inequality to (3.10), and then absorbing the term Cη| 1
η
−α|2‖v‖2
Hs−1
,
we obtain
1
2
d
dt
{
M‖(u, v, θ)‖2Hs + ‖Ω‖
2
Hs−1
}
+
Mα
2
‖(u, v)‖2Hs +
Mη
2
‖∇v‖2Hs +
1
2η
‖Ω‖2Hs−1
≤C(M, η)
(
‖(u, v, θ)‖2Hs + ‖(u, v, θ)‖Hs
) (
‖(u, v)‖2Hs + ‖Ω‖
2
Hs−1
)
.
Denote
m :
def
= min
{
Mα
2
,
ηM
2
,
1
2η
}
,
by Young’s inequality, it is easy to get
d
dt
{
M‖(u, v, θ)‖2Hs + ‖Ω‖
2
Hs−1
}
+ 2m(‖(u,∇v, v)‖2Hs + ‖Ω‖
2
Hs−1)
≤C(M, η)
(
‖(u, v, θ)‖2Hs + ‖(u, v, θ)‖Hs
) (
‖(u, v)‖2Hs + ‖Ω‖
2
Hs−1
)
≤C(M,m, η)‖(u, v, θ)‖2Hs
(
‖(u, v)‖2Hs + ‖Ω‖
2
Hs−1
)
+m(‖(u, v)‖2Hs + ‖Ω‖
2
Hs−1).
(3.12)
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Absorbing the second term on the right hand side in the last inequality of (3.12), then
integrating in time yields ∀ t > 0,
M‖(u, v, θ)(t)‖2Hs + ‖Ω(t)‖
2
Hs−1 +m
∫ t
0
‖(u,∇v, v)(τ)‖2Hs + ‖Ω(τ)‖
2
Hs−1dτ
≤C(M,m, η)
∫ t
0
‖(u, v, θ)(τ)‖2Hs
(
‖(u, v)(τ)‖2Hs + ‖Ω(τ)‖
2
Hs−1
)
dτ
+M‖(u0, v0, θ0)‖
2
Hs + ‖Ω0‖
2
Hs−1 ,
(3.13)
With small data (1.2), choosing ǫ to be so small that
M‖(u0, v0, θ0)‖
2
Hs + ‖Ω0‖
2
Hs−1 ≤
Mm
2C(M,m, η)
which implies that ‖(u0, v0, θ0)‖
2
Hs <
m
2C(M,m,η)
. Suppose there exists a first time T ⋆ such
that ∀t ∈ (0, T ⋆),
M‖(u, v, θ)(t)‖2Hs + ‖Ω(t)‖
2
Hs−1 ≤
Mm
2C(M,m, η)
and
lim
ǫ1ց0
M‖(u, v, θ)(T ⋆ − ǫ1)‖
2
Hs + ‖Ω(T
⋆ − ǫ1)‖
2
Hs−1 >
Mm
2C(M,m, η)
. (3.14)
However, from (3.13), we can deduce
M‖(u, v, θ)(T ⋆ − ǫ1)‖
2
Hs + ‖Ω(T
⋆ − ǫ1)‖
2
Hs−1
+
m
2
∫ T ⋆−ǫ1
0
‖(u,∇v, v)(τ)‖2Hs + ‖Ω(τ)‖
2
Hs−1dτ
≤M‖(u0, v0, θ0)‖
2
Hs + ‖Ω0‖
2
Hs−1 <
Mm
2C(M,m, η)
,
(3.15)
which yields that
M‖(u, v, θ)(T ⋆ − ǫ1)‖
2
Hs + ‖Ω(T
⋆ − ǫ1)‖
2
Hs−1 <
Mm
2C(M,m, η)
,
from which, and taking ǫ1 ց 0, we get a contradiction with (3.14). Therefore,
lim
ǫ1ց0
M‖(u, v, θ)(T ⋆ − ǫ1)‖
2
Hs + ‖Ω(T
⋆ − ǫ1)‖
2
Hs−1 ≤
Mm
2C(M,m, η)
,
which indicates under condition (1.2), we have a global solution (u, v, θ) satisfying ∀ t >
0,
‖(u, v, θ)(t)‖Hs ≤
m
2C(M,m, η)
= C(α, η) <∞,
and then using (3.13), we can also obtain∫ t
0
‖(u,∇v, v)(τ)‖2Hsdτ ≤
M
2C(M,m, η)
= C(α, η) <∞.
This completes the proof of Theorem 1.1.
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